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Fusion rule of A type WZW model and
level-rank duality
( )
( ( ) )
1 A fusion algebra
$0$ 2 fusion rule Kac-Walton formula, Verlinde
formula 3 level-rank duality
1. EUsion algebra for $s\overline{l(n})_{l}$
Goodman-Wenzl[GW] $A$ Lie fu-
sion algebra $n\geq 2,$ $l\geq 0$
Lie $sl(n, C)$ $R_{n}$ $sl(n)$ $\overline{\Lambda}_{1)}\overline{\Lambda}_{n-1}$
dominant integral weight
$P_{+}(n)= \{\sum_{i=1}^{n-1}a;\overline{\Lambda}_{i}$ ; $a_{i}\in Z,$ $\alpha;\geq 0\}$
affine Lie algebra $s\overline{l(n}$ ) ’O\rangle . . . \rangle $\Lambda_{n-1}$
$s\overline{l(n}$) level $l$ dominant integral weight
$P_{+}(n, l)= \{\sum_{|=0}^{n-1}a_{i}\Lambda_{i}$ ; $a_{\mathfrak{i}}\in Z,$ $a_{\mathfrak{i}} \geq 0,\sum_{i=0}^{n-1}a_{i}=l\}$
$0$ inclusion map $j$ : $P_{+}(n, l)-\backslash arrow P_{+}(n)$ $\lambda=$
$\Sigma_{i=0}^{n-1}a_{i}\Lambda$ ; $j(\lambda)=\Sigma_{i=1}^{n-1}a;\overline{\Lambda}_{i}$ $j(\lambda)$ $\overline{\lambda}$
$\lambda$ classical part o dominant integral weight
inclusion map $P_{+}(n, l)\subset P_{+}(nl)+1)$
$\partial P_{+}(n, l)=P_{+}(n, l+1)\backslash P_{+}(n, l)$
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$\lambda\in P_{+}(n)$ $Z$ basis $\partial P_{+}(n, l)$
$R_{n}$ $I_{n,l}$ fusion algebra $R_{n,l}$
$R_{m,l}=R_{n}/I_{n,l}$




Proposition [GW]. fusion algebra $R_{m,l}$ $\lambda\in P_{+}(n, l)$ $Z$ basis
free $Z$ module
$\lambda,$ $\mu\in P_{+}(n, l)$
$\lambda\cdot\mu=\sum_{\nu\in P_{+}(n,l)}N_{\lambda\mu}^{\nu}\nu$




$\sigma$ affine Lie algebra $s\overline{l(n}$) Dynkin diagram automorphism
2. Explicit expression of the fusion rule
fusion rule Littlewood-Richardson rule
Kac-Walton formula affine Lie algebra
Verlinde formula $\check{.}$
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Lie algebra $sl(n)$ root lattice $Q$ weight lattice $P$ 0 $\overline{W}$
sl $(n)$ Weyl weight lattice $P$
$sl(n)$ level 1Weyl group $P$ $P_{+}(n, l)$
$osl(n)$ positive root 1/2 $\rho$ $w$
shifted action
$w\bullet\lambda=w(\lambda+\rho)-\rho$
shifted action Littlewood-Richardson rule
fusion rule
Proposition (Kac-Walton formula).
$N_{\lambda\mu}^{\nu}= \sum_{w\in W_{1}}\det w\overline{N_{\overline{\lambda}\overline{\mu}}}^{\overline{\nu}}$
$P_{+_{)}}(n, l)$
$\lambda$ level $l$ integrable highest weight module $L(\lambda)$
$ch_{\lambda}$




$S_{\lambda\mu}= \frac{i^{n(n-1)/2}}{\sqrt{n(n+l)^{n-1}}}\sum_{w\in\overline{W}}\det w\exp(-\frac{2\pi i}{l+r?}\langle w(\overline{\lambda}+\rho))\overline{\mu}+\rho))$





3. Relevent physical systems, level-rank duality
Gepner-Witten $[GeW]$ ) Tsuchiya-Ueno-Yamada [TUY]
fusion rule conformal block
$0$ chiral vertex operator
$\Phi(z)$ : $L(\lambda)\otimes L(\mu)\otimes L(\nu)\daggerarrow C$
fusion rule $N_{\lambda\mu}^{\nu}$ [JKMO]
fusion RSOS model
[GN]
$s\overline{l(n})_{l}$ fusion rule $s\overline{l(l})_{n}$ fusion rule level-rank
duality [KN],[GW] $P_{+}(n$ ,
Young $Y$ ${}^{t}Y$ $P_{+}(l, n)$
Dynkin diagram automorphism
$Z_{n}$ , $Z_{l}$ bijection
fusion rule
Proposition (level-rank duality).
$\lambda\in P_{+}(n, l)$ Young node $|\lambda|$
$|\nu|=|\lambda|+|\mu|$
$N_{\lambda\mu}^{\nu}=NI_{\lambda^{\nu_{t}}\mu}$
$s\overline{l(n})_{l},$ $s\overline{l(l})_{n}$ fusion rule $0$
[NT] level-rank duality conformal block duality
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